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ABSTRACT
It is shown that if a real Banach space £ admits an equivalent Gateaux differen-
tiable norm, then for every continuous convex function f on E there exists a dense
G subset of E at every point of which f is Gateaux differentiable. More gener-
ally, for any maximal monotone operator T on such a space, there exists a dense
G subset (in the interior of its essential domain) at every point of which T is sin-
gle-vatued. The same techniques yield results about stronger forms of differentia-
bility and about generically continuous selections for certain upper-semicontinuous
compact-set-valued maps.

0. Introduction

Let E be a real Banach space, D a nonempty open convex subset of E and f a
real-valued continuous convex function on D. Recall that f is said to be Gateaux
differentiable at the point x in D if the limit

(* df(x)(y) = l}gg S+ 1Y) = f(0)]

exists for all y € E. When this is the case, the limit is a continuous linear function
of y, denoted by df(x). If the difference quotient in (*) converges to df(x)(y) uni-
formly for y in the unit ball, then f is said to be Fréchet differentiable at x. The
norm in F is said to be smooth if it is Gateaux differentiable at each x # 0; one
then also says that the space E itself is smooth. Finally, E is called a weak Asplund
space [ Asplund space] or said to have the weak Asplund property if for every f
and D as above, f is “generically” Gateaux [Féchet] differentiable, that is, there
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exists a dense G; subset G of D such that f is Gateaux [Fréchet] differentiable at
each point of G. In 1933 Mazur [Ma] proved (in this terminology) that separable
Banach spaces have the weak Asplund property. In 1968 Asplund showed that
there is a close connection between smooth norms and differentiability of convex
functions when he proved [As] that E is a weak Asplund space [he used the term
“weak differentiability space”] if E* admits an equivalent strictly convex dual
norm (hence the norm induced in £ is smooth). Since the dual of a smooth norm
need not be strictly convex (in fact, there even exist smooth Banach spaces which
cannot be renormed to have strictly convex dual [Ta)), it became a natural ques-
tion whether the existence of an equivalent smooth norm implies the weak Asplund
property. (See, for instance, [Da].) A partial answer was obtained in 1987 by Bor-
wein and Preiss [Bo-Pr] who showed that it implied that E is a Gateaux Differ-
entiability Space (GDS); that is, every continuous convex function f is Gateaux
differentiable at the points of a dense subset of its domain. In the present paper
we show that equivalent smooth norms do imply the weak Asplund property.
Somewhat more generally, we show that smoothness of the norm guarantees that
each maximal monotone operator on E has a dense G; subset of its effective do-
main where it is single-valued. We recall the relevant definitions.

DEFINITION. A set-valued mapping T: E — 2£” from E into subsets of E* is
said to be monotone provided

O0<{x*—yp*, x—y) whenever x, ye E, x*€ T(x) and y*e€ T(y).

The effective domain of Tis D(T) = {x € E: T(x) # J}. Such a mapping is said
to be maximal monotone provided its graph

{(x,x*) EEXE*:x* € T(x)}
is maximal {under inclusion) in the collection of all graphs of monotone operatoss.

DerNITION. If f is a continuous convex function on an open convex subset D
of E, the set-valued subdifferential 3f(x) of f at x € D is

{(X*€E*: (x",y—x) = f(y) — f(x) forall y e Dj}.

It is well known (see, for instance, [Ph]) that 3f is a maximal monotone operator
and that f is Gateaux differentiable at x if and only if df(x) is a singleton. Thus,
theorems which yield generic single-valuedness of maximal monotone operators are
generalizations of theorems about generic differentiability of convex functions. An
early extension of this kind was obtained in 1973 by Zarantonello [Za], who gen-
eralized Mazur’s theorem by showing that a maximal monotone operator T on a
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separable Banach space is single-valued at the points of a dense G; subset of the
interior of D(T). In 1974, Kenderov [Ke,] extended Asplund’s theorem, showing
generic single-valuedness of maximal monotone operators on E whenever E can be
equivalently renormed to have a strictly convex dual norm.

The reader who is primarily interested in convex functions can substitute sub-
differentials for maximal monotone operators wherever the latter appear.

In Section 2, the same methods are used to show that smooth Banach spaces lie
in the class (S), a subclass of the weak Asplund spaces which admits more perma-
nence properties than the latter and which is defined in terms of selections for cer-
tain upper-semicontinuous compact-set-valued (usco) mappings. In fact, we obtain
certain stronger conclusions, provided E admits an equivalent norm which is dif-
ferentiable in a stronger sense (say, Fréchet or Hadamard).

In a remarkable example, Haydon [Ha] has shown that the converse to our main
theorem is not valid: There exists a weak Asplund space—in fact, an Asplund
space —which does not admit an equivalent smooth norm. This solves the other
half of a long-standing open problem. Since Kenderov [Ke,] has shown that max-
imal monotone operators on any Asplund space are generically single-valued (even
generically norm-to-norm continuous), the conclusion to our main theorem does
not imply the existence of an equivalent smooth norm.

1. Monotone operators

A maximal monotone operator 7 behaves very much on the interior D of D(T)
like the subdifferential of a continuous convex function. Some of the properties
they share are well-known; they are listed in the following proposition. The proofs
may be found, for instance, in [Ph].

1.1. ProposITION. Let T: E — 25" be maximal monotone and assume that
D=intD(T) =int{x € E: T(x) + &)

is nonempty. Then

(i) T is locally bounded in D. [That is, if x € D, then there exists an open neigh-
borhood U of x in D and M > 0 such that | y*| < M whenever y € U and y* €
T(y).]

(ii) T(x) is weak*-compact and convex, for all x € D.

(iii) T is norm-to-weak™ upper semicontinuous in D. [That is, for all x in D and
any weak™ open set W containing T(x) in E*, there exists an open neighborhood
UofxinDsuch that T(y) C W forall y e U.]
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We next list some elementary properties of maximal monotone operators which
are less standard. They arose out of the need to mimic properties of the right-hand
derivative d*f of a continuous convex function £. Recall that for such a function
fon D, d*f can be characterized by the following well-known formula (see, for
instance, [Ph, p. 27]) (when A is a subset of E* and e € E, we use the notation
sup{(A, e)} in place of sup{{x™, e): x* € A})

d*f(x)(e) = sup{df(x), e)}, x€D, ecE.

This suggests the following substitute for the right-hand derivative. The same func-
tion (with different notation) was used by Zarantonello [Za].

DerNiTION.  With T and D as above, let
or(x, e) =supl(T(x),e)}), x€D, e€kE.
(We will usually write o(x, e) instead of or(x, €).)

We will also need a substitute notion which parallels the situation when the di-
rectional derivative df(x)(e) of f exists (at x € D in the direction e € E). Recall
that this will be the case if and only if d*f(x)(—e) = —d*f(x)(e). From the for-
mula above for d*f, it follows that this is equivalent to

sup{(af(x), &)} = inf{(af(x), e)}.
This motivates the following definition.

DErINITION. For any e € E and T as above, let eT denote the set-valued map-
ping from E into the real line defined by

(eT)(x) = x*, e):x* € T(x)}.

Our substitute for saying that df(x)(e) exists will be the assertion that eT is single-
valued at x.

1.2. ProrosiTION. Let T and D be as above. Then

(i) For each x € D, the real-valued function e — or(x, e) is subadditive and
positive homogeneous and, for any A\ > 0, o\7(x, €) = hor(x, e).

(ii) For each x € D(T),

sup{o(x, e): |e| =1} =sup{o(x, e):|e] <1} =sup{jx*|:x* € T(x)}.

(iii) (eT)(x) is a singleton if and only if o(x, —e) = —a(x, e).
(iv) If xo € D, e € E and (eT)(xy) is a singleton, then x - a(x, €) is continu-
ous at x,.
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(v) Fixingx€ D and e # 0, letting I = {t € R:x + te € D} and defining
Sf(t) =a(x+ te, e), tel,

the function f is monotone nondecreasing on I (and hence is continuous at all
but countably many points of I). Moreover, if f is continuous at t, € I, then
(eT)(x + tye) is a singleton).

Proors. (i) and (ii) are immediate from the definitions.

(iii) If (eT)(x) is a singleton, then so is (—eT)(x), with (—eT)(x) = —a(x, e);
that is, o(x, —e) = —o(x, €). On the other hand, if (eT)(x) is not a single-
ton, there exists x* € T(x) such that (x*, e) < o(x, e) and hence o(x, —e) =
{(x*, —e)> —0o(x, e).

(iv) Given e > 0, let W= {y* € E*: [(y*, e) — 0(xp, €)| < €}; by norm-to-
weak* upper semicontinuity of 7 at x,, there exists an open neighborhood
of xo in D such that T(x) C W for all x € U. It follows easily from this that
|o(x, e) — a(xp, e)] s eforallxe U

(v) Note that we are not asserting that the open set / is an interval, but this does
not affect our argument. Suppose that ¢, f, € I with ¢, < f,; then for any x;" €
T(x + t;e), i = 1,2, we have (by monotonicity)

0<{(xf—x3, (x+ tie) — (x+ o)y = (1) — LYxT —x3, e,
hence (x[, e) < (x5, e). This shows that
(#) f(t)) = sup{T(x + t1e), e)} < inf(T(x + t,e), e)};

in particular, f(¢;) < f(¢,), so f is monotone. Suppose, now, that eT is not sin-
gle-valued at x + fye. Then

a = infKT(x + fhe), ed} < f(t).
Hence if t € I, t < t,, then (by (#)), f(¢) < o < f(1,), so f is not continuous at #,.

There are two lemmas which are central to the proof of our main theorem. The
first is the Banach-Mazur game; it allows us to obtain a dense G; set of points of
differentiability (or of single-valuedness, in the case of monotone operators). The
second — very simple —lemma is singled out because it exhibits clearly the connec-
tion between differentiability of the norm and single-valuedness of T.

DEerFINITIONS.  Let X be a Hausdorff space, S a subset of X and let 4 and B de-
note the players of the game. A play is a decreasing sequence of nonempty open
sets U; D V; D U, D ¥V, O - - - which have been chosen alternately; the U,’s by A4,
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the V;’s by B. Player B is said to have won a play if NV, C S; otherwise, A is said
to have won. (It is not required that the intersection be nonempty.) Player B is said
to have a winning strategy if, using it, she wins every play, independently of player
A’s choices. (A more detailed description of the Banach-Mazur game and a proof
of the following lemma may be found in [Ox].)

1.3. LeMMA. If player B has a winning strategy, then S is a residual set (that
is, X\S is of first category). In particular, if X is a completely metrizable space,
then S must contain a dense Gj; subset.

Here is the other key lemma.

1.4. LEMMA. Suppose that x, € D and that ey, € E, | eg| = 1, is such that e,T
is single-valued at x,, with value «. If

sup{or(xo, €): Je] =1} <o,
then
T(xo) C a-d| - - [|(eo)-
In particular, if the norm is Gateaux differentiable at e,, then T(x,) is a singleton.

PrOOF. Suppose that x* € T(xp); then from Proposition 1.2(ii), we see that
a=0and |x*] < «. Since (e,T)(x) is a singleton, it follows that (x*, gy) = «
and so x* € «-d| - - [(eg).

In our main theorem we will assume that the interior D of the effective domain
D(T) of our maximal monotone operator T is nonempty and we will produce a
dense G; subset G of D where T is single-valued. This is not a loss of generality,
because G will also be a dense G; subset of D(T); this is a consequence of the fol-
lowing elementary proposition.

1.5. PROPOSITION.  Suppose that T: E — 2E * is a maximal monotone operator,
with effective domain D(T); then there exists a first category F, subset A of E
such that D(T) is the disjoint union of A and the interior D of D(T).

Proor. The main observation is that D(T) is itself an F, set. Indeed, let B*
denote the closed unit ball of E* and, for n = 1, let

F,={x€E:T(x)O\n-B*+ J}.

Clearly, D(T) = UF,. It is a fairly standard argument, using the weak* compact-
ness of n-B* and the maximal monotonicity of T, to show that each F, is closed.



Vol. 72, 1990 SMOOTH BANACH SPACES 263

Finally, let 4, = F,\D; each of these sets is closed, has empty interior and is dis-
joint from D, so we let A = UA,,.
In what follows, we use the standard notation

B(x,r)={y€E:|y—x|<r} (x€Eand r>0),

while B*(x*, r) denotes the analogous open ball in E*.

1.6. THEOREM. Suppose that E admits an equivalent smooth norm, that T is
a maximal monotone operator on E and that

D=sint{x € E: T(x) # I}

is nonempty. Then there exists a dense Gy subset G C D such that T(x) is a sin-
gleton for every x € G.

Proor. Let p, = |- - | denote an equivalent smooth norm on E. Choose se-
guences of positive numbers 1/2 > ¢, > ¢; >--- and 8, > 8, > 83 > - - - such that

e—0, LBE<3 and IVe/Bi< .

To use the Banach-Mazur game we let D be our Hausdorff space and S the set of
points in D where T is single-valued. After player A chooses a nonempty open sub-
set U of D, player B’s first choice will always be an open subset of U in which T
is bounded. Thus, we may always assume that player A’s first choice was an open
nonempty set U; in which T is bounded. We may also assume that

sup{|x*| :x* € T{U,]} > 0.

[Indeed, if this supremum is 0, then B’s strategy is obvious: Since T is single-valued
(equal to 0) on the entire set U}, she need only choose V, = U, for each k =
1,2,3,... so that NV, = U, C S.] Now, let S; be the unit sphere {x € E:
P1(x) = 1} defined by p, and define

s =supfa(x, e): (x, e) € U; X §,}.
From Proposition 1.2(ii), we can also write
sy = supf|x* | :x* € T(x) and x € U, };

by our earlier assumption, s; > 0. From part (v) of Proposition 1.2, for any e #
0 and x € U, there exist points of the form x + te € U; (with ¢ > 0 arbitrarily
small) such that ¢(x, e) < o(x + te, e) and eT is single-valued at x + te. Thus

sy =suplo(x, e):(x, e) € U, X 8, and eT is single-valued at x}.
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It follows that there exists (x,, ¢;) € U; X §; such that ¢,T is single-valued at
x; and such that o(x;, e;) > (1 — ¢;)s;. By continuity of the function x — o(x, e;)
at x,, there exists r,, with 0 < r; < 1, such that B(x,, 2r;) C U, and ¢(x, ;) >
(1 — ¢)s, for x € B(x;, 2r,). Define V, = B(x,, r;). For all x € E define

g, (x) = dist(x, Re;) = inf{|x — he;|| : N € R}
and define a new norm p, on E by
pi = pi + Biqi.

We now have s,, e, x;, P, and player B’s open set V|, so player A may choose
any nonempty open subset U, C ¥;. Using a similar strategy to respond to player
A’s choices Us, Us, . . . at every step, player B chooses Vi, V5,... by constructing
sequences of numbers s,,5,,...,5,..., DOrms pl,bz, <.y Dks---» Spheres
S51,8,...,8=[x€ E:py(x) =1},... containing the vectors e,,e,,...,€,...
respectively, points xq, %, - . ., Xi, . . . and positive radii r,r,,...,r;, ... such that
Vi = B{xk, i),

k—1
pE=pi+Bi-aiy=pi+ 3 B2

Jj=1

(where g;_;(x) = inf{|x — hex_1| :NE R}, xEE),

s = supla(x, e): (x, e) € Uy X §;},
¢, T is single-valued at x; and

a(x, e) > (1 — ¢)s, for x € B(xy, 2ry) C Uy.
Since B(xy, 2ry) C U, C Vi_; = B(x4_1» I'r—1), We have
re< (/20 < (1295, <+ < (1725 YY) < 17251

as well as ¥, C U, for each k. Also, p; = pi_, implies that

S CBi_1={x€E:p_(x) <1},
so, using U, C U,_; and Proposition 1.2(ii),

sy < supf{o(x, e):(x, e) € Uy_; X By}
=sup{a(x, e):(x, e) € Uy_; X Sp_1} = 8¢_;.

Note that py(ex_1) = pr_i1{ex—1) = 1 and x, € U, C U,_,, so necessarily
(Xk, €x—1) € Ui X S, hence s, = a(x, e,_1), while x, € U,_, implies that
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0 ( Xy, 1) > (1 — €4 )84—1. Thus, s, > (1 —€4_))s4_;- Since s, >0and ¢, < 1,
this implies that s, > 0; by induction, s, > 0 for all k. It follows that the decreas-
ing sequence {5, } converges to a number s, = 0. Also, since the diameters of the
sets V, converge to zero, the intersections of their closures consists of a single
point, denoted by x,,; necessarily, x.. € ¥, for all k. In order to be able to apply
Lemma 1.4 and complete the proof, we will show that

(i) the sequence of norms {p,} converges to an equivalent smooth norm p,,
satisfying p, < p. = 2-py,

(ii) the sequence of vectors {e,} is convergent, with limit e, satisfying p. (e,) =
1 and

(iii) e, T is single-valued at x,,, with value s,,.

Assuming that we have proved assertions (i), (ii) and (iii), we next prove the in-
equality (1) in Lemma 1.4, taking, of course, x., and e,, in place of x, and ¢, So,
in place of « and p,, for the norm; that is, we want to show that ¢(x.,, €) < 5,
whenever p_,(e) = 1. For each k, x,, is in Uy and p,(e) e € S; and therefore

0(Xw, €) = pi(e) - 0(xe, pr(e)~'e) < sp-pile).

This last term converges to S *Po (€) = 5w, S0 the inequality (1) of Lemma 1.4 is
satisfied and therefore 7T(Xa) C S 8P (€s). Since p,, is smooth, T{x,) is a sin-
gleton; that is {x,,} = NV, CS.

We have thus described a winning strategy for player B, so by Lemma 1.3, S
contains a dense Gj; subset (the open set D being completely metrizable).

It now remains to prove assertions (i), (i) and (iii).

(i) Since g, < p, for each k, we have

k-1 k—1
pizpi=pi+ 87 < (1+ 5 67) -0} = 4,

i= Jj=
The second inequality shows that p? is the partial sum of a series which is uni-
formly convergent on bounded sets. Thus, the increasing sequence { p, ] of equiv-
alent norms converges uniformly on bounded sets to a norm p., satisfying p; <
P = 2p;. To prove that p,, is Gateaux smooth, note first that each of the func-
tions g is everywhere Gateaux differentiable. In fact, if gZ(y) = 0, then it is eas-
ily seen that dgZ(y) = {0}. If gZ(») > 0, then for some A\, € R,

0< ge(y) =inf{lly — Nex| :NER} =p,(y — Noey)

and hence, for any ¢ > 0 and u € E,
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(%) 0=t gy + tu) + qu(y — tu) — 2q,(y)]
<t Py — Noey + tu) + pi(y — Noex — tu) — 2p (¥ — hoey)].

Since Gateaux differentiability is characterized by the fact that such difference quo-
tients converge to zero (see, for instance, [Ph, p. 15]), Gateaux differentiability of
D at points where it is positive implies that the last term in (¥*) converges to zero,
hence so does the first term. It now follows by standard arguments that the infi-
nite series defining p2 is everywhere Gateaux differentiable, hence p., is Gateaux
differentiable at nonzero points.

(ii) To show that {e,} converges, we will show that for all sufficiently large &,

lexrr — el < 6Ve/By;

since the series e, /B, converges, this will suffice to show that {e,} is a Cauchy
sequence, hence is convergent to e, say. To obtain the estimate above, recall first
that s, > (1 — €)s; and €, > €44 SO

0 (X1 €kr1) > (1 = €xq1)Sir > (1 — ey 1) (1 — &) s > (1 = 2¢4)5, > 0,

while —since (Xi11, Pi(€rs1) ' €rs1) € U X Sp—
0(Xr1s €ks1) = Prl€rsr) 0 (Xiew 1> Dic(€hs1) " k1) < SivPr(€psy) -
Thus pi(er () > 1 — 2¢, > 0. By the definition of p,,,,
BEqi(ers1) = Pivi(exrt) — Piler) < 1 — (1 — 2¢)> < dey.

Consequently, dist(eg,,, Rey) = g, (ex,1) < 2Ve/Bx. We can write a nearest point
in Re, to e, in the form A\, for some A\, € R; that is

€1 = N + Uy, where | ug| = gi(ers1) < 2vex/Bi-

NOW, Prs1 € Po = 2Py, 80 Priy (Uy) < dVe/By. Since, as noted earlier, p, (e;) =
Di(er) =1, we have

INe| = Prw1t (M) = Presi(€ry — Ue) 2 1 — proy () 2 1 — 4 /By
Also,
[Nkl = Drvr(errt) + Prar () < 1+ 4Ve/By.

We next show that if k is large enough so that ¢, + 4Ve, /B¢ < 1, then the con-
stant A\, is positive. Indeed, since x;,., € V} for all £, we have 0 < (1 — ¢,)s; <
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0(Xes1» ). Choose an element x; € T(x,.,,) such that (xg, e,.1> > (1 — €;)s;.
Since (ex+1T){xr41) is a singleton, we must have

(XF eks1) = 0(Xiewts €hr1) > (1 = €441 Skp.

Using Proposition 1.2(ii) applied to the norm p,,, and its dual norm p;,,, we
have pg, ;1 (xg) < Siiq; also Py () < 4Ver/By. 1t follows that

(1 = €xq1) 81 < XK, Meer + ) = NeCXe, e + <Xg, uy)
< MXE S k) + D (X)) Pres1 (i) < NelXg, € + Se1 - 4vex/Brs

therefore N {xz, e,y > (1 — €441 — 4vex/By)Sk+1- By hypothesis, this last term is
positive and since {xz, ;) > 0 we conclude that \, > 0 for all sufficiently large k.
It follows that our earlier estimates on |A;| become 1 — 4V /By < N\ < 1 +
4e /By, that is, |1 — N\,| < 4Ve,/B,. Consequently, using the fact that | e |
Di(ey) < pi(er) = 1, we finally obtain the desired estimate:

lewer — el = [\ — De + ue ) = [N — 1] - [lew]) + [ul]
< |)\k — 1| + ||uk|| < 4Ve /By + 2V /By = 6EL/ Bk

The fact that p, (e,) = 1 is immediate from the fact that p, — p,, uniformly on
bounded sets, since p,{e;) = 1 and ¢; — e,,.

(iii) Finally, we show that e, T is single-valued at x,,, with value s,,. To that
end, suppose that x* € T(x,,). Since x,, € U, for all k and since 1 = p.,(e.,) =
Px(es), the fact (proved earlier) that

sy =supfa(x, e):x € Uy, pel(e) = 1)

implies that s, = 0(x,, €,) = (x*, €., hence s, = {x*, e..). On the other hand,
since x* € T[U,1, we have |x*| < s, and x,, € V,_, for all k, so

(X", ) Z(X*, @) —sillex — e | > (1 — )8k — 51| ek — €l

it follows that (x*, e, ) = S and the proof is complete.

2. 3-smooth nerms and Banach spaces of class (S)

DErFINITIONS. A map ¢ from a Hausdorff space Q to the power set 2% of an-
other Hausdorff space X is said to be upper-semicontinuous if, for each open sub-
set Uof X, the set {t € Q: (1) C U} is open (possibly empty) in Q. If, in addition,
#(t) is nonempty and compact for each ¢ in ©, ¢ is said to be a usco map.
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Assertions (ii) and (iii) of Proposition 1.1 imply that any maximal monotone
operator T: E — 25" when restricted to int D(T), is a usco map, so the results of
this section have implications for maximal monotone operators.

DErINITIONS.  The graph G, of a map ¢: Q2 — 2% is the subset of the product
space @ X X consisting of all pairs (¢, x) such that x € ¢(¢). It is clear that if ¢
is a usco map, then its graph is closed in @ X X and projects onto Q. Furthermore,
if Fis a closed subset of G, that projects onto {2, then F is itself the graph of a
usco map y : 2 - 2% [Chr]. In this case, ¢ is said to contain . By Zorn’s lemma,
each usco map from @ into 2% contains a minimal usco map from € into 2%,

DEeriNITION. A Hausdorff space X is said to be of type § if, whenever ¢ is a
usco map from a Baire space Q to 2%, there exists a function ¢: @ - X such that
a(t) € ¢(¢) for all ¢ and the set of points of continuity of ¢ is residual in @, that
is, the selection ¢ is cont.nuous at each point of a dense G; subset of .

The following characterization of spaces of type § is so useful that we will
use it in place of the definition: A Hausdorff space X is of type § if and only if,
whenever ¢ : 9 — 2% is a minimal usco map and Q is a Baire space, then the set
{t € Q:o(t) is a singleton] is residual in Q.

DEerFINITION. A Banach space E is said to be of class (S) if (E*, weak*) is of
type 3.

These classes originated with Stegall, who has shown [St;, St,] that each
Banach space of class (S) is a weak Asplund space and that the class (S) spaces pos-
sess good permanence properties. (See Section 3.) On the other hand (as we dis-
cuss in Section 3), many questions concerning the permanence of weak Asplund
spaces are open. In recent years, various authors have shown that Banach spaces
of class (S) have somewhat stronger differentiation properties for convex functions
than are needed to yield weak Asplund spaces. (See, for instance, [B-F-K], [Noll],
[Rain] and [V-V].) In what follows we show, in particular, that a Banach space
with an equivalent smooth norm is of class (S) (Corollary 2.6). This result is an im-
mediate consequence of the main theorem of this section, which concerns Banach
spaces with an equivalent “gB-smooth norm”, as defined below.

DEerINITION. Let 8 be a family of nonempty bounded subsets S of E satisfying
(a) AS € 8 whenever A € R and S € § and (b} the union of the members of § is all
of E. We say that a continuous convex function f on an open convex subset D of
E is B-differentiable at x € D if for all § € 3 the limit of the difference quotient
in (*) exists uniformly for y in S. Natural choices for 3 are all finite sets (Gateaux
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differentiability), all weakly compact sets (Hadamard differentiability) or all
bounded sets (Fréchet differentiability). If the norm is B-differentiable at every
x # 0, it is said to be B-smooth.

There is a corresponding notion for maximal monotone operators, in fact, for
general set-valued mappings into E™*.

DerINITION.  Let © be a Hausdorff space and ¢ a set-valued mapping from
into E*. We say that ¢ is 8-continuous at a point ¢ € Q provided ¢(¢) is a single-
ton and, for every set S in 3, there exists an open neighborhood U of ¢ in Q such
that

o(U) C o(t) + §°,

where S = [z* € E*: (z*, zy <1 forall z € S}.

In Corollary 2.9 we will prove a 3-continuity result for monotone operators. To
see that it has some relevance for convex functions, we need the following
proposition.

2.1. PropPosSITION.  Suppose that f is a continuous convex function on an open
convex subset D of E and that (3 is a family of sets as described above. Then the
subdifferential mapping of is 3-continuous at the point x, € D if and only if f is
B-differentiable at x;.

Proor. Suppose that 3f is B-continuous at x,. Given S€ 3, e > 0and {x;} =
af(xy), we want to show that there exists 6 > 0 such that

(0 =)™ [f(xo + tu) — f(x0) —4x5, w)] <e

whenever u € S and 0 < ¢ < 4. By definition of 8-continuity, there exists §; > 0
such that B(xg, 8;) C D and {y* — x3, u) < e whenever y € B(xy, 6;), ¥y* € df(y)
and u € S. Since S is bounded, we can choose 6 > 0 such that | fu| < 8, whenever
O0<t<band u € S. Thus, whenever 0 < f < 6 and u € S, we have xp + fu €
B(xy, 6y). Consequently, choosing any y* € af(x, + tu), we have (y* — x5, u) <
¢ and

—Hy*, u)y ={r*, xo— (X0 + tu)) < f(xo) — f(xo + tu),
so that

0 =<t f(xo+ tu) — f(xo) — x5, W] < (¥ — x5, u) se.
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To prove the converse, one can follow, with minor changes, the proof (for the case
of Fréchet differentiability) of Lemma 2.6 in [Ph]. [For instance, in the proof
Lemma 2.6 one replaces V by S° and takes e = 1/2.]

DErINITION. If the nonzero vector x is bounded above on the nonempty sub-
set A C E* and « > 0, a slice of A defined by x is the set

S(A,x,a) = [x* € A" :(x*, x) > sup{A4, x) — a}.

Recall that the subdifferential 4 - - || of the norm at nonzero points is always
a subset of the dual unit sphere. The basic lemma which follows shows, in a quan-
titative way, that an e-neighborhood in E* of the image under 3| - - | of a small
set will always contain a small slice of the dual ball B*.

2.2. LEMMA. Let x, be a unit vector in E; then for ¢ > 0 and r > 0, the set
rd| - - |[B(xo, €)] + B*(0, €) contains the slice S(rB*, x,, €?).

ProOOF. Let x* € S(rB*, xg, €2), so that r — €2 < (x*, xo)> <rand |x*| <r.
For each y € E we have

x* X0 — ) ={x*, Xy = <x*, py>r—e* = |x*| - | y)
2r—e’=r|y| =rlxl - Iy - €.

Thus, (x*, y — xo) < r(| ¥] = |xol) + €2 for all y € E; by definition, this means
that x* is in the e?-subdifferential .2 r- | - - |(xp) of the function r- || - - | at x,.
(See, for instance, {Ph, p. 48].) By the Brandsted-Rockafellar theorem ([Ph,
p. 51]), there exists x € E and y* € E* such that |x — x| <¢, |x* —y*| <eand
y*€aor-|--|(x). Thus

X* € y* + B*(0, ¢) €0r-|| - - |[B(xo, €)] + B*(0, €).

2.3. COROLLARY. Suppose that || - - | is a B-smooth norm on E. Then for each
Xo € E with | xo| = 1 and for each R > 0 and set S in 3, there exists 6 > 0 such
that

S(rB*, xo, 8) C r-d| - - |(xo) + S° whenever 0 < r < R.

Proor. Since, by Proposition 2.1, the subdifferential 4| - - | is 8-continuous
at xg, there exists ¢, > 0 such that

3 - I[B(xo, €)1 C 3] -+ I(xo) + (R + 1)7'S7

Choose 0 < € < ¢, such that B*(0, €) C (R + 1)7'S% and let & = ¢2. By Lemma
2.2, whenever 0 < r < R we have
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S(rB*, xy, €2) C r-3| - - [[B(xo, €)] + B*(0,¢)
crof|--l(x)+r-(R+ 1718+ (R+1)7'8°
Cra|-(x) +R-(R+1)7!S°+ (R+1)718°
Crdf - (x) + S°

The proof of Theorem 2.5 (below), which is the main result of this section, is
essentially the same as that of Theorem 1.6. We first need to recall three elemen-
tary properties of minimal usco maps. For the convenience of the reader, the
proofs are provided.

2.4. LEMMA. Let Q, X and Y be Hausdorff spaces and let ¢ : @ — 2% be a min-
imal usco map.

(@) If f: X - Y is a continuous map, then fe ¢ :Q— 2Y is @ minimal usco map.
Here, [~ o(t) = f(e(1)).

(b) Let U and V be open subsets of Q and X, respectively. If o(U) 0N V is
nonempty, then (t € U: o(t) C V} is a nonempty open subset of U. Here, ¢o(U) =
Ufle(t):te U}.

(¢) If U is an open subset of €, then the restriction ¢ l v: U~ 2% is a minimal
usco map.

Proor. (a) Let G, be the graph of ¢. Then the graph of f- ¢ coincides with
(Id X f)(G,) C @ x Y. If G is the graph of a usco map from { to 2Y properly
contained in the graph of fe ¢, then (Id X f)~'(G) is the graph of a usco map
from Q to 2% properly contained in G,, contrary to the minimality of G,,.

(b) Suppose that ¢(2) N (X\ V) is nonempty for each r € U and let = denote
the natural projection from £ X X onto 2. Then

F=[G,Na YA\ VU [G, N (U x (X\V)]]1~

is a proper closed subset of G, such that 7 (F) = Q, contrary to the minimality of
G,. Hence there is an element ¢ € U such that ¢(¢) C V. The rest is clear from the
upper-semicontinuity of ¢.

(c) If G were the graph of a usco map v : U — 2% properly contained in golU,
then [G, N {(R\U) x X}] U [The closure of G in @ X X] would be the graph of
a usco map properly contained in G,,.

2.5. THEOREM. Suppose that the norm in E is 3-smooth and that §1 is a Baire
space. Then for each minimal w*-usco ¢ :Q — 2E" there is a residual subset G of
Q such that ¢ is B-continuous at each point of G.
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ProOF. Let |- | be an equivalent 8-smooth norm on E. For each positive in-
teger n let

Q. ={teQ:e(t)NnB*+ )} andlet D,=intQ,.

Then each Q,, is closed, @ = UQ,, and D = UD,, is a dense open subset of Q be-
cause the latter is a Baire space. By Lemma 2.4(c), <p|D,, is a minimal w*-usco
map and f — ¢(¢) N nB* defines a w*-usco map in D, contained in ¢ | D,. From
the minimality of the latter, it follows that ¢(¢) C nB* for each t € D,,. Let ¢,:
D, — 28" be the minimal w*-usco map given by ¢,(7) = (1/n)¢(). Now, we
must show that

G = {t € Q:¢is B-continuous at 7}

is residual in Q. Note that if ¢ € D, then ¢ is 8-continuous at ¢ if and only if ¢,
is B-continuous at ¢. Suppose we can prove that

GND,={te D, ¢,is B-continuous at ¢}
is residual in D, for each n; then D,\G is of first category in Q. Since
O\NG C U(D,\G)U (Q\D),

it follows that G is residual in ©. Since an open subset of a Baire space is a Baire
space in the relative topology, we have thus reduced the proof to the case where
¢ is a minimal w*-usco map from a Baire space Q into 22",

As before, the proof consists of exhibiting a winning strategy for the second
player of the Banach-Mazur game played in © to end up in the set G. Specifically,
the two players A and B alternately choose nonempty open sets {Uy:k =
1,2,...}and {V,:k =1,2,...} contained in Q so that

Uusno>Uu,o¥Do---.

We shall produce a strategy for player B so that no matter how player A responds
we always end up with the inclusion

ny,caG.

Choose positive constants ¢;, 3, as before and suppose that player 4 has chosen
u;. Let py = || - - | and define

51 =sup{pf(x*):x* € o(Uy)},
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where pf is the dual norm to p,. If s, = 0, then as before the strategy for player
B is to choose V, = U, for all k, so that ¢(¢) is the singleton {0} for all 1 €
NV, = U,. Clearly, ¢ is -continuous at f since ¢(U,) = ¢(t) = {0}.

We now assume that s; > 0, so there exists e, € E with p;(e;) =1 and

(™, e)) > (1 —€)sy for some x* € o(U,).

[Strictly speaking, we must first fix a choice function defined on nonempty sub-
sets of E. The point e, is the result of applying this choice function to the set
{e€ E:|e| =1and (x*, e)> (1 —¢;)s, for some x* € o(U,)}.]

Now, the set-valued function ¢ — {¢(¢), e;) is a minimal usco map from Q to
2R (see Lemma 2.4(a)). Hence, by Lemma 2.4(b),

Vi={te Uy (e(t), e1) > (1 — €)1}

is a nonempty open subset of U,. Here, the notation {¢(¢), ;> > @ means that
(x*, e;» > afor all x* € ¢(¢). Next define a norm p, equivalent to p; by

p3 =pi+Biai,
where
g1 (x) =inff||x — Ne;| : A € R}, x€EE.
Note that if x* € ¢(V7), then x* # 0, because 0 < (1 — €;)s; < {x*, €,).

The construction given above of V| from U, and p, is repeated in the subse-
quent plays. Thus, suppose that player A chooses U, (U, C V,_,;) and that p, is
given. Then we let

s = sup{ pg(x*):x* € p(Uy)} > 0.
Choose e, so that p,(e;) =1 and
{x*, ey > (1 — €)sy for some x* € o(Uy).
Let Vi = {r € Uy:{o(?), &) > (1 — )s;} and pZ,, = pf + BZqZ, where
gk (x) = inf{|x — Ney | : N ER}, x€E.

We want to show that if € NV, then ¢(¢) is a singleton. To that end, note that
it follows exactly as in the proof of Theorem 1.6 (assertion (i)) that the increasing
sequence of norms {p,} converges uniformly on bounded sets to an equivalent
smooth norm p,, on E. (Eventually, p,, will be shown to be 8-smooth.) We will
show that
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(i) the sequence {s;} converges to s, = 0,
(ii) the sequence {e,} converges to an element e, satisfying p..(e.,) =1, and
(iii) if £ € NV, then for each x* € p(¢), pr{x*} =5, = {(x*, €,).
Since p., is smooth, (ii) and (iii) show that ¢(¢) is a singleton.
(i) Since py < pir+1, We have pg, | < pg for all k. Hence

0 < Spp1 = sup{Pre1 (x*) 1 x* € @(Upyy)) < sup{pe(x*) :x™ € o(Uy)} = 5.

It follows that 0 < s, = lim s, exists.
(ii) Since py,i(ex) = 1, for all x* € o(¥;) we have

(*) (I — e)se < X7, e < Py (x%) -Prsr (&) = Py (x7).
In particular (noting Uy, C V),
(**) (1 - ek)sk < Sk41 = Sk

As in the proof of Theorem 1.6, we show that {e,] is convergent by showing that
for all sufficiently large &,

(¥%x) lexsr — ex| < 6ver/By.

Pick any x¢ € ¢(Vii1) C @(V4); then

4} (xes ey > (1 — &)y
and
93] (XEs err1) > (1 — €441 Ska-

By (2), (1 = €s1)Ska1 < LXK, €xa1) < Pe(Xk) *Pi(€xs1) =< Sk Pic(€x41). On the other
hand, from (k*) (using ¢, < €),

(1 — €181 > (1 — €)1 — €x1)se > (1 — 2€5) 8.

Consequently p (ex,1) > (1 — 2¢;) > 0. The proof of (***) now follows exactly
as in the proof of Theorem 1.6(ii). (Note that (2) makes the proof that A, >0 a
bit simpler here.)

(iii) Suppose that ¢t € NV, and x* € ¢(¢). Then by (*), for all &,

(1 —e)si < X%, ) < Pryy (X¥) < S

Let k — oo; then since the sequence of dual norms {pg} converges pointwise to
D, we have s, < {(x*, e,) < pX(x*) <s,,, which completes the proof. Note that
NV, #+ & implies that s, > 0, since if x* € o(NV;) C ¢(¥}), then x* # 0.
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Finally, we must show that ¢ is -continuous at each point 1 € NV¥;. Let 0 <
¢ < 1/2; then for all sufficiently large k£ we have

(k%) Pollr—es) <e, 0<e<e and s, < (14 €)-Sg.

(Recall that the sequence {s;} decreases to s, and, as noted above, we have
Se > 0.) If x* € o(V;), then

Pou(x*) S pe(x*) <5 < (1 +€) 5o,
and hence (using the definition of V}) x* satisfies
(X", ) = (X7, ) + (X7, € — ) > (1 — &) Sk — P (€0 — &) P (X*)
= (1 —¢)sp—esp=(1—2€) 5,2 (1 —2€) S0

Let B, = {x*:p3 (x*) = 1} and note that sup {(1 + €)Se B, €0) = (1 + €)5.
Since (1 + €) -So, — 3-8, = (1 — 2¢) -5, it follows that

‘p(I/k) - S((l + f)sw'B;a € 36'Soo)~

We need to show that p,, is 8-smooth; this is straightforward once it is established
that each g7 is 8-smooth, since the series of Gateaux derivatives

2{dp; (x) + LBEqi(x) -dg(x)]

converges uniformly on bounded subsets to dp.,(x), for each x € E. Now, if
g« (y) = 0, then an examination of the difference quotient for g? shows that the
latter is always Fréchet differentiable at y, with dgZ(y) = 0. If g, (y) > 0, then (as
before) we can write g, (¥) = p;(¥ — Aoex) > 0 for some Ao € R and hence, for
t > 0 and any u € E, the inequalities in (*%*) in the proof of Theorem 1.6 hold.
Since p, is assumed to be S-smooth, the second term in (*#) converges to 0 uni-
formly for u € S, for all § € 8, so the same is true for g,. [See, for instance, [Ph,
p. 14] for the (typical) case of Fréchet differentiability.]

Let S € 8; by Corollary 2.3, applied to the norm p.,, there exists 6 > 0 such
that

S(rBZ, ew, 8) C r-dps(es) + (1/2)8°, provided 0 < r < 2s,,.

(Note that 6 depends on S and s.,, but not on €.) Choose 0 < € < 1/2 such that
3€Se < 8 and s, B% (0, €) C (1/2)S°. Then if k is large enough to satisfy (***x),
we have

(Vi) C (14 €) S 3P (€) + (1/2)S°.
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Now if t € NV, then from the first part of the proof, ¢(¢) is the singleton
Se0 0D (€0 ), SO that pX[¢(t)] = s,. Consequently,

e(Vi) C (1 +¢€)-o(t) + (172)S°C o(t) + 5BL(0, €) + (1/2)8°
Co(t) + (172)S° + (172)8° C (1) + S°.
This shows that ¢ is §-continuous at £.

The next corollary follows from Theorem 2.5 by letting 3 be the family of aii
finite subsets of E and by recalling the definition of class (S).

2.6. COROLLARY. If the Banach space E admits an equivalent smooth norm,
then it is of class (S); that is, E* in the weak™ topology is of type 8.

DEFINITION. A set-valued map ¢ : Q- 2F " is said to be a convex w*-usco map
if it is a w*-usco map and its values are convex. It is said to be a minimal convex
w*-usco map if it is minimal (in the usual ordering) in the family of all convex
w*-usco maps.

It is known (see, for instance, [Ph]) that a maximal monotone operator 7, when
restricted to the interior of its effective domain D(T'), is a minimal convex w*-usco
map (but not necessarily a minimal usco map).

2.7. LEMMA. Let Q be a Hausdorff space and let ¢:Q — 2E" be a w*-usco
map. If ¢ is B-continuous at ty € Q, then so is the w*-usco map <o ¢ [ where, for
t € Q, S0 p(t) is the weak™ closed convex hull of ¢(t)].

ProoF. Let {x*} = ¢(f;) and suppose that S € 8. By continuity, there exists
a neighborhood U of t, such that (U) C x* + S°. Obviously, for any t € U, we
have ¢(¢) C x* + S%. Since the right-hand side is weak* closed and convex,
Coe(t) Cx* + 8% Thus, Coe(U) Cx* + S and {x*} =0 ¢(fy). That o g is a
w*-usco map is shown [Ph, p. 101].

2.8. THEOREM. The conclusion to Theorem 2.5 holds for each minimal convex
w*-usco map ¢:Q — 257,

ProoF. Let ¢y be a minimal w*-usco map contained in . Then by the mini-
mality of ¢, we have €0 ¢, = ¢ and the conclusion follows from Theorem 2.5 and
Lemma 2.7.

2.9. CoroLLARY. If E admits an equivalent 3-smooth norm, then for any max-
imal monotone operator T on E there exists a dense Gs subset G of D = int D(T)
such that T is 3-continuous at each point of G.
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When applied to the case of Fréchet differentiability (that is, when the family
{3 consists of all bounded sets) Corollary 2.9 is well known. It was first proved for
(the subdifferentials of) convex functions by Ekeland and Lebourg [Ek-Leb] and
extended to monotone operators (on Asplund spaces) by Kenderov [Ke,].

3. Remarks

The utility of “smoothability” (the existence of an equivalent Gateaux differen-
tiable norm) in Theorem 1.6 raises anew the question of permanence properties for
such spaces. It is easy to see that smoothability is inherited by subspaces and pre-
served under finite products. It does not satisfy the “three-space property”; this was
shown by Talagrand [Ta] when he showed that the space E, = C(K), with K the
compact Hausdorff “two arrow space”, does not admit an equivalent smooth
norm, even though it contains the separable (hence weak Asplund) subspace
C[0, 1], while the quotent space E,/C[0, 1] is isometric to ¢, (0, 1] (which is an
Asplund space). Theorem 1.6 provides another proof of this result: If £, admit-
ted an equivalent smooth norm, then it would be a weak Asplund space, but
Coban and Kenderov [Co-Ke] have shown that the set of points of Gateaux dif-
ferentiability of the supremum norm in E; does not contain a dense G; subset. It
is an open question whether a quotient of a smoothable space is necessarily
smoothable. As to permanence properties of weak Asplund spaces, the example
E, described above shows that they do not satisfy the three-space property. That
the continuous linear image of a weak Asplund space is again a weak Asplund
space was asserted by Asplund [As], but his proof appears to assume that a con-
tinuous linear image of a G; set is a G; set. This need not be true, but the theorem
is valid. One may use, for example, the topological Theorem 2.2 of [Co-Ke] and
the open mapping theorem to assert that the continuous linear image of a dense
G; set contains a dense Gj set, and hence rescue Asplund’s proof. It is also pos-
sible to obtain this topological result as an easy consequence of the Banach-Mazur
game, as follows.

3.1. LEMMA. Suppose that M is a complete metric space, X a Hausdorff space
and f: M — X a continuous open mapping of M onto X. If G = NG,, is the inter-
section of a decreasing sequence of dense open subsets G, of M, then f(G) is re-
sidual in X.

Proor. Assume that players A and B play the Banach-Mazur game in X, with
S = f(G). We must show that B has a winning strategy. Given the first nonempty
open subset U; of X chosen by A, player B uses the fact that since G; is open and
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dense there exists an open metric ball B, = B(x,, r;) (with 0 < r; < 1) such that
B, C f~'(U;) N G, and therefore chooses the nonempty open set V; = f(B,) C
U, . Player A having chosen a nonempty open subset U, C V;, player B observes
that since £ ~1(U,) N B, is nonempty and open, it must intersect the dense open
set G,, hence there exists an open metric ball B, = B(x;, r;) (with 0 < r, < 1/2)
such that B, C f~1(U,) N B; N G,, so B chooses V, = f(B,) C U,. Player B’s
strategy is to continue in this manner, resulting in a sequence U; D V; D U, D
V2D>---DU,D V,D--- of nonempty open sets such that V,, = f(B,), where, for
eachn>1,

B,=B(x,, r,)CB,_;, 0<r,<l/n and B,CfY(U,)NG,.

By using this strategy, B wins every play; indeed, the intersection of the closed balls
B, consists of a single point {x,} which is necessarily in G. If y € NV, then (since
f is onto) for all n there exists z,, € B, such that y = f(z,). Clearly, x,, = x, and
hence z, = xg, 50 ¥ = f(xy) € f(G). Thus, NV, C f(G) and hence, by Lemma
1.3, the latter is residual in X.

The remaining permanence properties for weak Asplund spaces remain open; for
instance, it is not clear whether the product of a weak Asplund space with the real
line is again a weak Asplund space. It is easily seen (using Asplund’s quotient re-
sult above) that a complemented subspace of a weak Asplund space has the same
property (so the parenthetical remark in [Ph, p. 34] about hyperplanes is non-
sense), but the question for arbitrary subspaces remains open. Slightly more is
known about permanence properties of Gateaux Differentiability Spaces; see [Ph,
Ch. 6].

Various permanence properties of Banach spaces of class (S) are a consequence
of good permanence properties of topological spaces of type 8. It is known [St,]
that the class (S) is closed under taking closed subspaces and countable /, prod-
ucts (1 < p < ). Also, if E is in the class (S) and T: E — F is a bounded linear
operator having dense range, then the Banach space F is in the class (S).

A natural question about monotone operators remains open: If E is a weak
Asplund space, is every maximal monotone operator on E generically sin-
gle-valued? (Analogously, if E is a GDS, are such operators densely single-valued?)
Note that it is still open whether every GDS is a weak Asplund space.
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