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ABSTRACT 

It is shown that if a real Banach space E admits an equivalent Gateaux differen- 
tiable norm, then for every continuous convex functionf on E there exists a dense 
G~ subset of E at every point of which f is Gateaux differentiable. More gener- 
ally, for any maximal monotone operator T on such a space, there exists a dense 
G~ subset (in the interior of its essential domain) at every point of which T is sin- 
gle-valued. The same techniques yield results about stronger forms of differentia- 
bility and about generically continuous selections for certain upper-semicontinuous 
compact-set-valued maps. 

O. Introduction 

Let  E be a real  Banach  space,  D a n o n e m p t y  open convex subset  o f  E a n d f  a 

rea l -va lued  con t inuous  convex func t ion  on D. Recal l  tha t  f is said to  be Gateaux 

differentiable at the po in t  x in D if  the l imit  

(*) d f ( x ) ( y )  = lim t - l ~ f ( x  + ty) - f ( x ) ]  
t~O 

exists for  all y E E. When  this is the case, the l imit  is a con t inuous  l inear  funct ion  

o f  y ,  denoted by  df(x) .  I f  the difference quot ient  in (*) converges to d f (x ) (y )  uni- 

fo rmly  for  y in the  unit  bal l ,  then f is said to be Fr#chet di f fe ren t iab le  at  x. The  

no rm in E is said to  be smooth i f  it is Ga t eaux  d i f fe ren t iab le  at  each x ~: 0; one 

then also says that  the space E itself is smooth .  Final ly ,  E is called a weak Asplund 

space [Asplund space] or  said to  have the weak  A s p l u n d  p r o p e r t y  i f  for  e v e r y f  

and  D as above ,  f is "gener ica l ly"  Ga t eaux  [F6chet] d i f fe ren t iab le ,  tha t  is, there  
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exists a dense G~ subset G of D such that f is Gateaux [Fr6chet] differentiable at 

each point of  G. In 1933 Mazur [Ma] proved (in this terminology) that separable 

Banach spaces have the weak Asplund property. In 1968 Asplund showed that 

there is a close connection between smooth norms and differentiability of convex 

functions when he proved [As] that E is a weak Asplund space [he used the term 

"weak differentiability space"] if E* admits an equivalent strictly convex dual 

norm (hence the norm induced in E is smooth). Since the dual of a smooth norm 

need not be strictly convex (in fact, there even exist smooth Banach spaces which 

cannot be renormed to have strictly convex dual [Ta]), it became a natural ques- 

tion whether the existence of an equivalent smooth norm implies the weak Asplund 

property. (See, for instance, [Da].) A partial answer was obtained in 1987 by Bor- 

wein and Preiss [Bo-Pr] who showed that it implied that E is a Gateaux Differ- 

entiability Space (GDS); that is, every continuous convex function f is Gateaux 

differentiable at the points of a dense subset of its domain. In the present paper 

we show that equivalent smooth norms do imply the weak Asplund property. 

Somewhat more generally, we show that smoothness of the norm guarantees that 

each maximal monotone operator on E has a dense G6 subset of its effective do- 

main where it is single-valued. We recall the relevant definitions. 

DEFINITION. A set-valued mapping T: E --, 2 tr* from E into subsets of E* is 

said to be monotone provided 

O _ < ( x * - y * , x - y )  wheneverx, y E E ,  x* E T(x) and y* E T(y).  

The effective domain of T is D(T) = {x E E: T(x) ~ 0 } .  Such a mapping is said 

to be maximal monotone provided its graph 

[(x, x*) E E × E* : x* E T(x)} 

is maximal (under inclusion) in the collection of all graphs of  monotone operators. 

DEFINITION. I f f  is a continuous convex function on an open convex subset D 

of  E, the set-valued subdifferential Of(x) o f f  at x E D is 

{x* E E*:  (x*, y -  x) <_f(y) - f ( x )  for a l ly  E D}. 

It is well known (see, for instance, [Ph]) that Of is a maximal monotone operator 

and t h a t f  is Gateaux differentiable at x if and only if af(x) is a singleton. Thus, 

theorems which yield generic single-valuedness of maximal monotone operators are 

generalizations of theorems about generic differentiability of convex functions. An 

early extension of this kind was obtained in 1973 by Zarantonello [Za], who gen- 

eralized Mazur's theorem by showing that a maximal monotone operator T on a 
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separable Banach space is single-valued at the points of  a dense G~ subset of  the 

interior of D(T).  In 1974, Kenderov [Ke~] extended Asplund's theorem, showing 

generic single-valuedness of maximal monotone operators on E whenever E can be 

equivalently renormed to have a strictly convex dual norm. 

The reader who is primarily interested in convex functions can substitute sub- 

differentials for maximal monotone operators wherever the latter appear. 

In Section 2, the same methods are used to show that smooth Banach spaces lie 

in the class (S), a subclass of the weak Asplund spaces which admits more perma- 

nence properties than the latter and which is defined in terms of selections for cer- 

tain upper-semicontinuous compact-set-valued (usco) mappings. In fact, we obtain 

certain stronger conclusions, provided E admits an equivalent norm which is dif- 

ferentiable in a stronger sense (say, Fr6chet or Hadamard).  

In a remarkable example, Haydon [Ha] has shown that the converse to our main 

theorem is not valid: There exists a weak Asplund s p a c e - i n  fact, an Asplund 

space -which  does not admit an equivalent smooth norm. This solves the other 

half of a long-standing open problem. Since Kenderov [Ke2] has shown that max- 

imal monotone operators on any Asplund space are generically single-valued (even 

generically norm-to-norm continuous), the conclusion to our main theorem does 

not imply the existence of  an equivalent smooth norm. 

1. Monotone operators 

A maximal monotone operator Tbehaves very much on the interior D of  D ( T )  

like the subdifferential of  a continuous convex function. Some of the properties 

they share are well-known; they are listed in the following proposition. The proofs 

may be found, for instance, in [Phi. 

1.1. PROPOSITION. Let T: E --, 2 E* be maximal monotone and assume that 

is nonempty. Then 

D = i n t D ( T )  - int lx  E E :  T(x) ~ 0]  

(i) T is locally bounded in D. [That is, if  x E D, then there exists an open neigh- 

borhood U ofT in D and M > 0 such that II y* tl <- M whenever y E U and y* E 

T(y ) . ]  

(it) T(x) is weak*-compact and convex, for all x E D. 

(iii) T is norm-to-weak* upper semicontinuous in D. [That is, for all x in D and 

any weak* open set W containing T(x) in E*, there exists an open neighborhood 

U of  x in D such that T(y)  C W for all y E U.] 
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We next list some elementary properties of maximal monotone operators which 

are less standard. They arose out of the need to mimic properties of the right-hand 

derivative d÷f  of  a continuous convex function f .  Recall that for such a function 

f on D, d÷f  can be characterized by the following well-known formula (see, for 

instance, [Ph, p. 27]) (when A is a subset of  E* and e E E, we use the notation 

sup{(A, e)} in place of  supl(x*, e ) : x *  E AI) 

d+f(x)(e) = supl(Of(x), e>}, x E D, e E E. 

This suggests the following substitute for the right-hand derivative. The same func- 

tion (with different notation) was used by Zarantonello [Za]. 

DEH~mON. With T and D as above, let 

Or(X, e) = sup{(T(x),  e)] ,  x E D, e E E. 

(We will usually write o(x, e) instead of  aT(X, e).) 

We will also need a substitute notion which parallels the situation when the di- 

rectional derivative df(x)(e)  o f f  exists (at x E D in the direction e E E) .  Recall 

that this will be the case if and only if d ÷ f ( x ) ( - e )  = -d+f(x) (e ) .  From the for- 

mula above for d÷f, it follows that this is equivalent to 

supl(Of(x), e)} = infl<Of(x), e)l. 

This motivates the following definition. 

DEFINITIOn. For any e E E and T as above, let eT denote the set-valued map- 

ping from E into the real line defined by 

(eT)(x)  = I(x*, e ) : x * E  T(x)l .  

Our substitute for saying that dr(x)(e) exists will be the assertion that eT is single- 

valued at x. 

1.2. PgoPosmoN. Let T and D be as above. Then 

(i) For each x E D, the real-valued function e -~ Or(X, e) is subadditive and 

positive homogeneous and, for any X > O, axr(x, e) = hat(x,  e). 

(ii) For each x E D(T) ,  

sup{a(X, e) : Ilell = 11 = suplo(x ,  e) : Ilel[ -< 11 = suplllx*lt :x* ~ T(x)] .  

(iii) (eT)(x)  is a singleton if and only if  a(x, - e )  = -o (x ,  e). 

(iv) I f  xo E D, e E E and (eT)(xo) is a singleton, then x ~ a(x, e) is continu- 

ous at Xo. 
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(v) Fixing x E D and e ¢ O, letting I = { t E R : x + te E D } and defining 

f ( t )  = a (x  + te, e), t E I, 

the function f is monotone nondecreasing on I (and hence is continuous at all 

but countably many points o f  I ) .  Moreover, i f  f is continuous at to E I, then 

( e T ) ( x  + toe) is a singleton). 

PROOFS. (i) and (ii) are immediate from the definitions. 

(iii) If (eT) (x )  is a singleton, then so is ( - e T ) ( x ) ,  with ( - e T ) ( x )  = - a ( x ,  e); 

that is, o(x, - e )  = - a ( x ,  e). On the other hand, if ( e T ) ( x )  is not a single- 

ton, there exists x* E T(x)  such that (x*, e) < a(x, e) and hence a(x, - e )  > 

(x*, - e )  > - a ( x ,  e). 

(iv) Given e > 0, let W = [y* E E* :  [(y*, e) - a(Xo, e)[ < el ;  by norm-to- 

weak* upper semicontinuity of  T at x0, there exists an open neighborhood 

of  Xo in D such that T(x)  C W for all x E U. It follows easily from this that 

[a(x, e) - a(Xo, e)[ < e for all x E U. 

(v) Note that we are not asserting that the open set I is an interval, but this does 

not affect our argument. Suppose that tl, t2 E I with tl < t2; then for any x* E 

T(x  + tie), i = 1,2, we have (by monotonicity) 

0 <_ (x~ - x~, (x + he )  - (x + t2e)) = (tl - -  t 2 ) ( X ~  - -  X ~ ,  e),  

hence (x~', e) < (x~, e) .  This shows that 

(it) f ( t l )  - sup[(T(x + t ie) ,  e)} -< inf [ (T(x  + t2e), e)l; 

in particular, f ( t~)  -< f ( t2) ,  so f is monotone. Suppose, now, that eT  is not sin- 

gle-valued at x + toe. Then 

a - inf{(T(x + toe), e)} < f ( t0) .  

Hence if t E / ,  t < to, then (by (It)), f ( t )  <_ a < f( t0) ,  s o f  is not continuous at to. 

There are two lemmas which are central to the proof of our main theorem. The 

first is the Banach-Mazur game; it allows us to obtain a dense G~ set of  points of  

differentiability (or of  single-valuedness, in the case of  monotone operators). The 

s econd-ve ry  s imple - lemma is singled out because it exhibits clearly the connec- 

tion between differentiability of the norm and single-valuedness of  T. 

DEFINITIONS. Let X be a Hausdorff  space, S a subset of  X and let A and B de- 

note the players of  the game. A play is a decreasing sequence of  nonempty open 

sets UI D VI D U2 D V2 D . .  • which have been chosen alternately; the Uk's by A, 
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the Vfls by B. Player B is said to have won aplay if N V~ C S; otherwise, A is said 

to have won. (It is not required that the intersection be nonempty.) Player B is said 

to have a winning strategy if, using it, she wins every play, independently of player 

A's choices. (A more detailed description of the Banach-Mazur game and a proof 

of  the following lemma may be found in [Ox].) 

1.3. LEMMA. I f  player B has a winning strategy, then S is a residual set (that 

is, X \ S  is of first category). In particular, if  X is a completely metrizable space, 

then S must contain a dense G~ subset. 

Here is the other key lemma. 

1.4. LEblMA. Suppose that Xo E D and that eo E E, I[ e01[ = 1, is such that eoT 

is single-valued at Xo, with value a. I f  

then 

sup[oT(Xo, e ) :  llell = 11 -< 

T(xo) c II(eo). 

In particular, if the norm is Gateaux differentiable at e0, then T(xo) is a singleton. 

PROOF. Suppose that x* E T(x0); then from Proposition 1.2(ii), we see that 

a >_ 0 and ]Ix* ]] _< c~. Since (eoT)(xo) is a singleton, it follows that (x*, e0) = 

and so x* E a.O[[ . . [[(eo). 

In our main theorem we will assume that the interior D of  the effective domain 

D(T) of our maximal monotone operator T is nonempty and we will produce a 

dense G~ subset G of  D where T is single-valued. This is not a loss of  generality, 

because G will also be a dense G~ subset of D(T) ;  this is a consequence of the fol- 

lowing elementary proposition. 

1.5. PROPOSITION. Suppose that T: E ~ 2 E* is a maximal monotone operator, 

with effective domain D(T) ;  then there exists a first category Fo subset A of E 

such that D(T) is the disjoint union of A and the interior D of D(T) .  

PROOF. The main observation is that D(T) is itself an F, set. Indeed, let B* 

denote the closed unit ball of  E* and, for n _> 1, let 

Fn = [ x E  E :  T(x) (1 n.B* ~ 0] .  

Clearly, D(T) = UFn. It is a fairly standard argument, using the weak* compact- 

ness of  n .B* and the maximal monotonicity of T, to show that each F~ is closed. 
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Finally, let A ,  = F , \ D ;  each of these sets is closed, has empty interior and is dis- 

joint f rom D, so we let A = UAn. 

In what follows, we use the standard notation 

B ( x , r ) = [ y E E : l l Y - x l l < r l  ( x E E a n d r > O ) ,  

while B*(x*, r) denotes the analogous open ball in E*. 

1.6. THEOREM. Suppose that E admits an equivalent smooth norm, that T is 

a maximal monotone operator on E and that 

D -  int[x E E :  T(x)  ~ 0 }  

is nonempty. Then there exists a dense G~ subset G C D such that T(x)  is a sin- 

gleton for  every x E G. 

PROOF. Let Pl = I[ "" 11 denote an equivalent smooth norm on E. Choose se- 

quences of  positive numbers 1/2 > e~ > e: > • • • and/31 >/3z >/33 > • • • such that 

ek-- '0 ,  E ~  < 3 and Z e4Tkk//3k < oo.  

To use the Banach-Mazur game we let D be our Hausdor f f  space and S the set of  

points in D where T is single-valued. After player A chooses a nonempty open sub- 

set U of  D, player B's first choice will always be an open subset of  U in which T 

is bounded. Thus, we may always assume that player A's  first choice was an open 

nonempty set U~ in which T is bounded. We may also assume that 

sup[llx* II :x* ~ T[U~]I > O. 

[Indeed, if this supremum is 0, then B's strategy is obvious: Since T is single-valued 

(equal to 0) on the entire set Ul, she need only choose Vk = Uk for each k = 

1,2,3 . . . .  so that n v k  = u1 c s . ]  Now, let S~ be the unit sphere [x E E :  

Pl (x) = 1 ] defined by Pl and define 

Sl = suplo(x ,  e) :  (x, e) E Ul x $11. 

From Proposit ion 1.2(ii), we can also write 

Sl = sup[llx* II :x* E T(x)  a n d x E  Ul}; 

by our earlier assumption, s~ > 0. From part (v) of  Proposit ion 1.2, for any e 

0 and x E Ui, there exist points of  the form x + te E U1 (with t > 0 arbitrarily 

small) such that o(x, e) <_ o (x  + te, e) and eT  is single-valued at x + te. Thus 

sl = sup[~(x,  e) : (x, e) E U1 x Sl and eT i s  single-valued at x}. 
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It follows that there exists (xl,  el) E U1 x $1 such that el T is single-valued at 

xl and such that a(xl ,  el) > (1 - el)Sl. By continuity of the function x-- ,  a (x ,  el)  

at xj,  there exists rl ,  with 0 < r~ < l,  such that B ( x t ,  2rl)  C (.]1 and g(x, e~) > 

(1 - e l ) S  1 for x E B ( x l ,  2rl) .  Define Vl = B ( x l ,  q ) .  For all x E E define 

ql (x) = dist(x, Rel) - inf[llx - ke~ U :X E R] 

and define a new norm P2 on E by 

p22 = p2 + t32q~. 

We now have s~, el, Xl, P2 and player B's open set V~, so player A may choose 

any nonempty open subset Uz C VI. Using a similar strategy to respond to player 

A's choices U2, U3 . . . .  at every step, player B chooses V~,//2 . . . .  by constructing 

sequences of  numbers s~,s2 . . . . .  Sk . . . . .  norms P l , P E , . . . , P k  . . . . .  spheres 

S I , S z , . . . ,  Sk = {x E E :pk(x) = 1 ] . . . .  containing the vectors e~,e2 . . . . .  e~ . . . .  

respectively, points xx ,xz  . . . . .  xk . . . .  and positive radii r~ ,r2 . . . . .  rk . . . .  such that 

Vk = B ( x k ,  rk),  

k - I  

+ =p? + E 
j = l  

(where qk-~ (x) = inf{llx - kek_l II : X E RI, x E E) ,  

sk = supla(x ,  e) :  (x, e) E Uk x Ski, 

e k T  is single-valued at xk and 

o(x ,  ek) > (1 -- ek)Sk for X E B(Xk,  2rk) C Uk. 

Since B ( x k ,  2rk) C Uk C Vk-~ = B ( x k _ t ,  r k - l ) ,  we have 

rk <- (1/2)rk-i  -< ( 1 / 2 2 ) r k - 2  < "  "" <-- (1/2k-l)rJ < 1/2 k-1 

as well as Vk C Uk for each k. Also, Px > Pk-~ implies that 

S k C B k _ I  = [ x E E : p k - 1 ( X )  < 1], 

SO, using Uk C Uk-1 and Proposition 1.2(ii), 

sk < suplo(x,  e) :  (x, e) E Uk-X X Bk-~} 

= sup[o(X, e) :  (x, e) E Uk-~ x Sk_~} = Sk-l. 

Note that Pk(ek -~ )  = p~_l(eg- , )  = 1 and xk E Uk C Uk-,, so necessarily 

(xk ,  eg_~) E Uk X Sk hence s ,  > O(Xk, ek-~) ,  while x~ ~ U~_~ implies that 
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O(Xk, ek-l) > (1 -- ek-l)Sk-l. Thus, Sx > (1 -- ek-j)Sk-l. Since sl > 0 and el < 1, 

this implies that sz > 0; by induction, sk > 0 for all k. It follows that the decreas- 

ing sequence [ sk } converges to a number s~ >_ 0. Also, since the diameters of  the 

sets Vk converge to zero, the intersections of  their closures consists of  a single 

point, denoted by x~; necessarily, x~ E Vk for all k. In order to be able to apply 

Lemma 1.4 and complete the proof,  we will show that 

(i) the sequence of  norms [Phi converges to an equivalent smooth norm p,~ 

satisfying p~ _< poo - 2-pl ,  

(ii) the sequence of vectors [ ek } is convergent, with limit e~ satisfying p~o (e=) = 

1 and 

(iii) e~Tis single-valued at x~o, with value so,. 

Assuming that we have proved assertions (i), (ii) and (iii), we next prove the in- 

equality (1) in Lemma 1.4, taking, of course, xoo and e~o in place of  x0 and eo, s= 

in place of a and p~o for the norm; that is, we want to show that a (x~,  e) < so~ 

whenever p~(e) = 1. For each k, x~ is in Uk and Pk(e)-le E Sk and therefore 

o(x=, e) =pk(e) .o(x=,  pk(e)-le) ~Sk'pk(e).  

This last term converges to s~ "poo (e) = s~, so the inequality (1) of Lemma 1.4 is 

satisfied and therefore T(xo~) C s~ .apo~ (e~).  Since Po~ is smooth, T(xo~) is a sin- 

gleton; that is Ixo~J = OVk C S. 

We have thus described a winning strategy for player B, so by Lemma 1.3, S 

contains a dense G~ subset (the open set D being completely metrizable). 

It now remains to prove assertions (i), (ii) and (iii). 

(i) Since q ,  _< p~ for each k, we have 

pZ < pZ = pZ1+j=~N 3]qf <- l+j_~at3 ) .p? <_ 4.p?. 

The second inequality shows that p2 is the partial sum of  a series which is uni- 

formly convergent on bounded sets. Thus, the increasing sequence [Pk] of  equiv- 

alent norms converges uniformly on bounded sets to a norm p~ satisfying Pl -< 

poo -< 2pl.  To prove that p~  is Gateaux smooth, note first that each of  the func- 

tions q~ is everywhere Gateaux differentiable. In fact, if q2(y) = 0, then it is eas- 

ily seen that Oq~(y) = 10]. If q2(y) > 0, then for some )~0 E R, 

0 < qk(Y) = infllly - hej, J[ : X ~ R} = p~ (y - XOek) 

and hence, for any t > 0 and u E E, 
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(**)  0 <_ t - ~ [ q k ( y  + tu) + q~(y  -- tu) -- 2qk(y)]  

<-- t - l [ p ~ ( y  -- X0e, + tu) + p ~ ( y  -- Xoe~ - tu) - 2p~(y  - X0e~)]. 

Since Gateaux differentiability is characterized by the fact that  such difference quo- 

tients converge to zero (see, for  instance, [Ph, p. 15]), Gateaux differentiabili ty of  

p~ at points where it is positive implies that  the last term in (**) converges to zero, 

hence so does the first term.  It now follows by s tandard  a rguments  that  the infi- 

nite series defining p 2  is everywhere Gateaux  differentiable,  hence p =  is Gateaux  

different iable  at nonzero  points.  

(ii) To  show that  {ek] converges,  we will show that  for  all sufficiently large k, 

11 ex+ ~ - ek II --< 6 4~/~3k; 

since the series ~ e-~-~/3x converges,  this will suffice to show that  {ek] is a Cauchy  

sequence, hence is convergent to e~o, say. To obtain the estimate above,  recall first 

tha t  s~+~ > (1 - ek)S~ and eg > ex+~ so 

a(Xk+l, ek+l )  > (1 --ek+l)Sk+l > (1 --ek+~)(1 - - e k ) S k >  (1 - - 2 e ~ ) S ~ > 0 ,  

w h i l e - s i n c e  (xk+l, pk(ek+l) - lek+l )  ~- Uk × Sk--  

O(Xk+l, ek+l) = Pk(ek+l )"a(Xk+l ,  Pk(ek+l)- lek+l)  <-- Sk 'Pk(e ,+l) .  

Thus  Pk(ek+l) > I -- 2Ek > 0. By the definit ion ofpk+~,  

2 2 f lkqk(ek+l) =p2+l(ek+l) - -Pz(ek+l)  < 1 -- (1 - 2ek) 2 < 4e k. 

Consequently,  dist(ek+~, Rek) =-- qk(e~+~) < 24Gk/~k. We can write a nearest point  

in Rex to ek+, in the fo rm Xkek for  some Xk E R; that  is 

ek+l = Xkek + Uk, where Ilukll = qk(ek+l) < 24Ukk/~k. 

Now,  Pk+ 1 -< P~  --- 2p l, so Pk+ l (Uk) < 4 e4-G-k/~k. Since, as noted earlier, Pk+ 1 (ek) = 

Pk (ek) = 1, we have 

I Xkl = Pk+l (Xkek) = Pk+l (ek+l - Ug) _> 1 - Pk+l (Uk) >-- 1 -- 44Ukk/flk. 

Also, 

I)~kl <--Pk+~(ek+l) + Pk+l(--Uk) <-- 1 + 44Uk/3k. 

We next show that  if  k is large enough so that  ~k+L + 4 4 ~ / ~ k  < 1, then the con-  

stant X~ is positive. Indeed,  since Xk+l ~- Vk for  all k, we have 0 < (1 - ek)Sk < 
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O(Xk+l, 8k). Choose  an element x; E T(Xk+l) such that  ( x ; ,  ek+l) > (1 -- ek)Sk. 

Since (ek+~ T) (Xk+l) is a singleton, we must  have 

(x~, ek+l) = ~(Xk+l, ek+l) > (1 -- ~k+l)Sk+l. 

Using Propos i t ion  1.2(ii) applied to the n o r m  Pk+~ and its dual  no rm P~+I, we 

have P~+I (x~) < sk+l; also P~+I (uk) -<- 4 e,£~-k/~k. It follows that  

(1 -- ek+l)Sk+t < <X~., hkek + Uk) = Xk<X~, eD + ( x ; ,  Uk) 

< Xk(X~, ek) + Pk+l (x~)Pk+I (Ug) < Xk<Xk, ek) + Sk+l "4 e4~-k//3k, 

therefore  Xk(X~, ek) > (1 -- ek+l -- 4 e4Uk//3~)Sk+l. By hypothesis ,  this last te rm is 

positive and since <x~, ek) > 0 we conclude that  Xk > 0 for  all sufficiently large k. 

It follows that  our  earlier est imates on I Xk[ become 1 - 4 e4~-k/13k < Xk < 1 + 

4 e4gk-k//3k, that  is, I1 - Xkl < 4 e4Vk-k/13k. Consequent ly ,  using the fact that  Iiekl[ - 

Pl (ek) < Pk(ek) = 1, we finally obta in  the desired estimate:  

IJek+~- e, ll = II(Xk- 1)ek + ukl[ < I N k -  l l "  Ilekll + I[u, ll 

-< - I I  + I l u ,  ll -< 44Ukk/13k + 24~k/~k = 64Uk/13k. 

The fact that  p =  (e=)  = 1 is immedia te  f rom the fact that  Pk--" P= uni fo rmly  on 

bounded  sets, since pk(ek) = 1 and ek ~ e=.  

(iii) Finally, we show that  e= T is single-valued at x= ,  with value s~o. To that  

end, suppose  that  x* E T(x=). Since x~o E Uk for  all k and since 1 = p = ( e = )  _> 

pk(e=), the fact (p roved  earlier) that  

Sk =sup[o(X, e ) : x E  Uk, pk(e) <-- 1] 

implies that  Sk --> a(X=,  e=) _> (x*,  e=) ,  hence soo -> (x*,  coo). On the other  hand,  

since x* E T[UI], we have [Ix* [] -< sl and x= E V~_~ for  all k, so 

(x*,  eoo) -> (x*,  ek) -- S~ ][ ek -- eoo II > (1 - e~)Sk -- S~ [I ek -- e= II; 

it follows that  (x*,  eo~) = s~o and the p r o o f  is complete .  

2. /3-smooth norms and Banach spaces of  class (S) 

DEFINITIONS. A m a p  ~ f rom a H a u s d o r f f  space fl to the power  set 2 x o f  an- 

other H a u s d o r f f  space X is said to be upper-semicontinuous if, for each open sub- 

set U o f X ,  the set [t  E f~ : ~ ( t )  C U} is open (possibly empty) in ft. If, in addition, 

~ ( t )  is nonempty  and compac t  for  each t in f~, ¢ is said to be a usco map. 
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Assertions (ii) and (iii) of  Proposition 1.1 imply that any maximal monotone 

operator T:E--, 2 E*, when restricted to i nt D (T), is a usco map, so the results of  

this section have implications for maximal monotone operators. 

DEFINITIONS. The graph G, of  a map ~ : fl ~ 2 x is the subset of the product 

space ~ × X consisting of  all pairs (t, x) such that x E ~,(t). It is clear that if ~o 

is a usco map, then its graph is closed in fl x X and projects onto ft. Furthermore, 

if F is a closed subset of G,  that projects onto fl, then F is itself the graph of  a 

usco map ~b : ~ --. 2 x [Chr]. In this case, ~o is said to contain ~b. By Zorn's lemma, 

each usco map from fl into 2 x contains a minimal usco map from ~ into 2 x. 

DEFINITION. A Hausdorff  space X is said to be of  type $ if, whenever ~ is a 

usco map from a Baire space fl to 2 x, there exists a function a : fl --, X such that 

a(t) E ¢(t) for all t and the set of  points of continuity of a is residual in f~, that 

is, the selection a is cont:nuous at each point of  a dense G6 subset of  ft. 

The following characterization of  spaces of  type $ is so useful that we will 

use it in place of the definition: A Hausdorff  space X is of type 8 if and only if, 

whenever ~o : 12 --, 2 x is a minimal usco map and f~ is a Baire space, then the set 

{t E fl:~o(t) is a singleton} is residual in ft. 

DEFINITION. A Banach space E is said to be of class (S) if (E*, weak*) is of  

type 8. 

These classes originated with Stegall, who has shown [St1, St2] that each 

Banach space of class (S) is a weak Asplund space and that the class (S) spaces pos- 

sess good permanence properties. (See Section 3.) On the other hand (as we dis- 

cuss in Section 3), many questions concerning the permanence of  weak Asplund 

spaces are open. In recent years, various authors have shown that Banach spaces 

of  class (S) have somewhat stronger differentiation properties for convex functions 

than are needed to yield weak Asplund spaces. (See, for instance, [B-F-K], [Noll], 

[Rain] and [V-V].) In what follows we show, in particular, that a Banach space 

with an equivalent smooth norm is of class (S) (Corollary 2.6). This result is an im- 

mediate consequence of the main theorem of this section, which concerns Banach 

spaces with an equivalent "/3-smooth norm", as defined below. 

DEFINITION. Let 13 be a family of nonempty bounded subsets S of E satisfying 

(a) kS E/3 whenever ~ E R and S E/3 and (b) the union of  the members of/3 is all 

o f  E. We say that a continuous convex function f on an open convex subset D of  

E is/3-differentiable at x E D if for all S E/3 the limit of the difference quotient 

in (*) exists uniformly for y in S. Natural choices for/3 are all finite sets (Gateaux 
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differentiability), all weakly compact  sets (Hadamard  differentiability) or all 

bounded sets (Fr6chet differentiability). I f  the norm is B-differentiable at every 

x ¢ 0, it is said to be B-smooth. 

There is a corresponding notion for maximal monotone operators,  in fact, for 

general set-valued mappings into E*.  

DEFINITION. Let ~2 be a Hausdor f f  space and ~o a set-valued mapping f rom ~2 

into E*.  We say that ~o is B-continuous at a point t E fl provided ~o(t) is a single- 

ton and, for every set S in/3, there exists an open neighborhood U of  t in fl such 

that 

~ ( U )  c ~,(t) + S °, 

where S o = [z* E E * : ( z * ,  z) -< 1 for all z E S].  

In Corollary 2.9 we will prove a B-continuity result for monotone operators. To 

see that  it has some relevance for convex functions,  we need the following 

proposition. 

2.1. PROPOSITION. Suppose that f & a continuous convex function on an open 

convex subset D o f  E and that B is a family o f  sets as described above. Then the 

subdifferential mapping Of is B-continuous at the point  Xo E D i f  and only i f  f is 

B-differentiable at Xo. 

PROOF. Suppose that Of is B-continuous at Xo. Given S E/3, e > 0 and [x~ } = 

3f(xo),  we want to show that there exists ~5 > 0 such that 

(0 <_ ) t - l [ f ( x o  + tu) - f (xo)  - (x~, u)] _< 

whenever u E S and 0 < t < 6. By definition of B-continuity, there exists ~o > 0 

such that B(xo, 6o) C D and (y* - x~, u) _ e whenever y E B(xo, 6o), y* E Of(y) 

and u E S. Since S is bounded, we can choose 6 > 0 such that I[ tu [[ < 6o whenever 

0 < t < 6 and u E S. Thus, whenever 0 < t < 6 and u G S, we have Xo + tu 

B(xo, 6o). Consequently, choosing anyy*  E Of(xo + tu), we have (y* - x ~ ,  u) 

e and 

- t ( y * ,  u) = (y*,  Xo - (Xo + tu)) <- f (xo)  - f ( xo  + tu),  

so that 

0 < t - l [ f ( x o  + tu) - f ( x o )  - (x~, u)] <_ (y* - x~, u) <_ e. 
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To  prove the converse, one can follow, with minor  changes, the p roof  (for the case 

o f  Fr6chet differentiabil i ty) o f  L e m m a  2.6 in [Ph]. [For instance, in the p r o o f  

L e m m a  2.6 one replaces V b y  S ° and takes e = 1/2.] 

DEFINITION. I f  the nonzero  vector  x is bounded  above on the n o n e m p t y  sub- 

set A C E*  and a > 0, a slice of  A defined by  x is the set 

S ( A , x , a )  = Ix* E A* : (x*,  x )  > sup (A,  x )  - oil. 

Recall that  the subdifferent ia l  0 [[ • • [[ o f  the no rm at nonzero  points  is always 

a subset o f  the dual unit sphere. The basic l emma which follows shows, in a quan-  

t i tative way,  that  an e -ne ighborhood  in E*  o f  the image under  O J] • • ][ o f  a small  

set will always contain a small slice o f  the dual  ball B*. 

2.2. LEMMA. Let xo be a unit vector in E; then fo r  e > 0 and r > 0, the set 

roll.. ]l[B(xo, ~)] + B*(0, ~) contains the slice S(rB*,  Xo, e2). 

PROOF. Let x* E S(rB*,  Xo, e2), so that  r - e:  < (x*,)Co) < r and [Ix* 11 < r. 

For  each y E E we have 

(x* ,  x o - y )  = (x*,  Xo) - (x*,  y )  > r -  e 2 - [Ix*ll.J[y}[ 

_> r - e 2 - rlly[I = r([IXo[[ - [lyll) - e2. 

Thus,  (x*,  y - Xo) < r(l[yll - I[Xo[[) + e 2 for  all y E E;  by definit ion,  this means  

tha t  x* is in the e2-subdifferent ial  0~z r - I [ ' "  [[(Xo) of  the funct ion r .  [].-II at Xo. 

(See, for  instance,  [Ph, p. 48].) By the Brands t ed -Rocka fe l l a r  theorem ([Ph, 

p. 51]), there exists x E E and y* E E* such that  [] x - x0 [[ -< e, l[ x* - y* [[ _< e and 

y* e Or. I1"" II(x). Thus  

x* e y *  + B*(0, e) E Or. 11"" II[B(xo, e)] + B*(0, e).  

2.3. COROLLARY. Suppose that 11 -.  1[ is a fl-smooth norm on E. Then fo r  each 

Xo E E with Ilxol[ = 1 and for  each R > 0 and set S in fl, there exists 6 > 0 such 

that 

S(rB*,  Xo, 6) C r ' O l l  "" II(x0) + s ° whenever 0 < r < R. 

PROOF. Since, by Propos i t ion  2.1, the subdifferent ia l  O 1[.. [1 is f l -continuous 

at x0, there exists e~ > 0 such that  

011.. [l[B(xo, e,)] c a l l "  II(xo) + (R + 1)- S °. 

Choose  0 < e < el such that  B*(0, e) C (R + 1)-~S ° and let 6 = e 2. By L e m m a  

2.2, whenever  0 < r < R we have 
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S(rB*,  Xo, e 2) C r'Oll '" II[B(xo, e)] + B*(0,e) 

C r ' O l l "  II(xo) + r - (R  + 1)-IS ° + (R + 1 ) - i S  ° 

c r ' O l l "  II(xo) + R. (R + 1)-1S ° + (n  + 1 ) - i S  0 

c r.aU..ll(xo) + s °. 

The proof of Theorem 2.5 (below), which is the main result of this section, is 

essentially the same as that of Theorem 1.6. We first need to recall three elemen- 

tary properties of minimal usco maps. For the convenience of the reader, the 

proofs are provided. 

2.4. LEMMA. Let [2, X and Y be Hausdor f f  spaces and let ,9 : [2 ~ 2 x be a min- 

imal usco map. 

(a) I f  f :  X ~ Y is a continuous map, then f o ~ : ~ ~ 2 y is a minimal usco map. 

Here, f o ~ ( t )  = f ( ~ ( t ) ) .  
(b) Let U and V be open subsets o f  fl and X ,  respectively. I f  ~( U) N V is 

nonempty, then { t E U: ~ ( t ) C V} is a nonempty open subset o f  U. Here, ~( U) = 

U l ~ ( t ) : t  ~ U}. 
(c) I f  U is an open subset o f  ~2, then the restriction ~ I e : U--, 2 x is a minimal 

usco map. 

PROOF. (a) Let Q, be the graph of ~,. Then the graph o f f °  ~ coincides with 

(Id x f ) ( G , )  C ~ x Y. If G is the graph of a usco map from ~2 to 2 r properly 

contained in the graph o f f °  ~, then (Id x f ) - ~ ( G )  is the graph of a usco map 

from fl to 2 x properly contained in G~,, contrary to the minimality of G,,. 

(b) Suppose that ~( t )  n ( x \  v)  is nonempty for each t ~ U and let 7r denote 

the natural projection from ~ x X onto ~. Then 

F =  [G~, n 71"-I(~\U)] U [Q, n {u  x ( X \  V)I]- 

is a proper closed subset of Q, such that ~r(F) = f~, contrary to the minimality of 

G~,. Hence there is an element t E Usuch that ,p(t) C V. The rest is clear from the 

upper-semicontinuity of ~. 

(c) If G were the graph of a usco map ¢ : U--* 2 x properly contained in ~o ] u, 

then [G~ n {(f~\ U) x x}]  U [The closure of G in f~ x X] would be the graph of 

a usco map properly contained in G~,. 

2.5. THEOREM. Suppose that the norm in E is B-smooth and that ~ is a Baire 

space. Then fo r  each minimal w*-usco ~: f l  --* 2 E* there is a residual subset G o f  

f] such that ~ is l~-continuous at each point  o f  G. 
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PROOF. 

teger n let 

Let II "" l] be an equivalent 3-smooth norm on E. For each positive in- 

l~  = [ t E ~ : ~o( t ) f) nB* ~ ~ } and le t  D n = i n t f l ~ .  

Then each ft. is closed, fl = Uf~., and D = UD.  is a dense open subset of  f~ be- 

cause the latter is a Baire space. By Lemma 2.4(c),  ID. is a minimal w*-usco 

map and t ~ ~o(t) N nB* defines a w*-usco map in D~ contained in ~olD n. From 

the minimality of  the latter, it follows that ~o(t) C nB* for each t E D. .  Let ~on: 

D .  --, 28* be the minimal w*-usco map given by ~o.(t) = (1/n)~o(t) .  Now, we 

must show that 

G = [ t E fl : ~o is B-continuous at t } 

is residual in i2. Note that if t E D. ,  then ~o is B-continuous at t if and only if ~on 

is 3-continuous at t, Suppose we can prove that 

G O D.  = {t E D. :  ~o. is 3-continuous at t ]  

is residual in D .  for each n; then D n \ G  is of  first category in ft. Since 

~ \ G  C U(Dn\G) U ( ~ \ D ) ,  

it follows that G is residual in ~. Since an open subset of  a Baire space is a Baire 

space in the relative topology, we have thus reduced the proof  to the case where 

is a minimal w*-usco map from a Baire space fl into 28..  

As before, the proof  consists of  exhibiting a winning strategy for the second 

player of  the Banach-Mazur game played in 12 to end up in the set G. Specifically, 

the two players A and B alternately choose nonempty  open sets { U k : k  = 

1,2 . . . .  } and { Vk : k = 1, 2 . . . .  ] contained in f~ so that 

u, ~ v~ ~ u2 ~ ½ ~ . . . .  

We shall produce a strategy for player B so that no matter how player A responds 

we always end up with the inclusion 

NVnCG. 

Choose positive constants ~,, 3 ,  as before and suppose that player A has chosen 

ul.  Let Pl = I1"" II and define 

sl = sup{p~(x*) :x*  E ¢(U1)1, 
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where p~' is the dual norm to p~. If  s~ = 0, then as before the strategy for player 

B is to choose Vk = Uk for all k, so that ¢ ( t )  is the singleton {01 for all t E 

¢q Vk = UI. Clearly, ¢ is H-continuous at t since ¢(U1) = ¢ ( t )  = [0}. 

We now assume that sl > 0, so there exists e~ E E with p~ (el) = 1 and 

(x*, el)  > (1 - el)s1 for some x* E ¢(U1). 

[Strictly speaking, we must first fix a choice function defined on nonempty sub- 

sets of  E. The point e~ is the result of  applying this choice function to the set 

{e E E :  Ilell = 1 and (x*, e) > (1 - el)sj for some x* E ~(UI)}.] 

Now, the set-valued function t ~ ( ~ ( t ) ,  e~) is a minimal usco map from [2 to 

2 n (see Lemma 2.4(a)). Hence, by Lemma 2.4(b), 

Vl = { t E  Ul: (~o(t), e l ) >  (1 - e l ) s1}  

is a nonempty open subset of  U~. Here, the notation (~o(t), el)  > a means that 

(x*, el)  > a for all x* E ¢ ( t ) .  Next define a norm P2 equivalent to Pl by 

where 

= p l  + # ql 

ql(x) = inf{[ ]x-  Xelll :X E R}, x E E .  

Note that if x* E ~o(V1), then x* =¢= 0, because 0 < (1 - ~l)sl < (x*, el) .  

The construction given above of  V~ from U~ and p~ is repeated in the subse- 

quent plays. Thus, suppose that player A chooses Uk ( U, C Vk-i ) and that Pk is 

given. Then we let 

Sk = sup[p ; (x*) :X*  E ~o(Uk)} > 0. 

Choose ek SO that pk(ek) = 1 and 

(x*, ek) > (1 --~,)S~ forsomex*E~o(Uk). 

2 2 Let Fk = It E Uk: (~o(t), e , )  > (1 -- ek)Sk} and P2+1 = p 2  +/3kqk, where 

qk(X) =inf{l lx--kekl l :kER},  x E E .  

We want to show that if t E f3 Vk, then ~o(t) is a singleton. To that end, note that 

it follows exactly as in the proof  of  Theorem 1.6 (assertion (i)) that the increasing 

sequence of  norms [P,} converges uniformly on bounded sets to an equivalent 

smooth norm p~o on E. (Eventually, P~o will be shown to be H-smooth.) We will 

show that 
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(i) the sequence [skl converges to s~ _> 0, 

(ii) the sequence {ekl converges to an element eo~ satisfying p= (e=) = 1, and 

(iii) if t E f3 Vk, then for each x* c ~o(t), p*~(x*) = so, = (x*, e~,). 

Since p= is smooth, (ii) and (iii) show that ¢ ( t )  is a singleton. 

(i) Since Pk -< Pk+l, we have P~+l < P~ for all k. Hence 

0 < Sk+l = sup{p/~+I (X*):X* E (p(U,+I) ] < sup[p ; (x*) :X*  E ~o(Uk)} = Sk. 

It follows that 0 _< s~ = lim Sk exists. 

(ii) Sincepk+l(ek) = 1, for all x* E ~o(Vk) we have 

(*) (1 - ek)Sk < (X*, ek) < P~+l (X*) "Pk+l (ek) = P~+l (x*).  

In particular (noting Uk+l C Vk), 

(**) (1 - ~k)Sk < Sk+l < Sk. 

AS in the proof  of  Theorem 1.6, we show that [ek} is convergent by showing that 

for all sufficiently large k, 

(***)  Ilek+~ - e ,  II --- 6 e4~-k//3k. 

Pick any x~ E ~o(V~+~) C ~o(Vk); then 

(x~, eD > (1 - e~)Sk (I) 

and 

(2) (x~,ek+l)  > (1 - tk+l)Sk+l. 

By (2), (1 - ek+l)Sk+l < (Xg, ek+l) --Pk(Xk )"Pk(ek+l) <-- skpk(ek+l). On the other 

hand, from (**) (using ek+l < e~), 

(1 - ek+l)Sk+l > (1 -- ek)(1 -- eg+l)Sk > (1 -- 2ek)Sk. 

Consequently Pk (ek+l) > (1 -- 2ee) > 0. The proof  of  (***) now follows exactly 

as in the proof  of  Theorem 1.6(ii). (Note that (2) makes the proof  that kk > 0 a 

bit simpler here.) 

(iii) Suppose that t E f') Vk and x* E ~o(t). Then by (*), for all k, 

(1 - ek)Sk < (X*, ek) --Pk+l(X ) < Sk+l. 

Let k ~ oo; then since the sequence of  dual norms [p~ ] converges pointwise to 

p*~, we have so. -< (x*, eo.) -< p~ (x*) _< s~, which completes the proof. Note that 

f) Vk :# O implies that so~ > 0, since if x* E ~o(tq Vk) C ~(V~), then x* *: 0. 
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Finally, we must show that ¢ is H-continuous at each point t E Iq Vk. Let 0 < 

e < 1/2; then for all sufficiently large k we have 

(****) p ~ ( e g - e ~ ) < e ,  0 < e k < e  and Sk< ( l + e ) . S = .  

(Recall that the sequence [sk} decreases to s= and, as noted above, we have 

so~ > 0.) If x* E ~O(Vk), then 

p*(x*)  <-p;(x*) _< sk < (1 + E)'soo, 

and hence (using the definition of  V,) x* satisfies 

(X*, e~o) = (x*, ek) + (X*, e~o -- ek) > (1 -- ek)"Sk - p~(eo~ - ek)p* (x*) 

(1 - ek) 'Sk-- E'Sk~ (1 -- 2E) 'Sk~  (1 -- 2e)'S=. 

Let B* = Ix* : p * ( x * )  < 1 } and note that sup ((1 + e)soo.B*, eoo) = (1 + e)s=. 

Since (1 + e ) . s~  - 3c.s= = (1 - 2e) . s= ,  it follows that 

¢(Vg) C S((1 + e ) s= .B* ,  eo~, 3e.s=).  

We need to show that p~  is/3-smooth; this is straightforward once it is established 

that each q2 is B-smooth, since the series of  Gateaux derivatives 

2[dPl (x) + F,132qk(x)'dqk(X)] 

converges uniformly on bounded subsets to dpoo (x), for each x E E. Now, if 

qk(y)  = 0, then an examination of  the difference quotient for q~ shows that the 

latter is always Fr6chet differentiable at y, with dqE(y) = 0. If qk(y) > 0, then (as 

before) we can write qk(Y) =P~(Y - X0ek) > 0 for some Xo E R and hence, for 

t > 0 and any u E E, the inequalities in (**) in the proof  of  Theorem 1.6 hold. 

Since p~ is assumed to be/3-smooth, the second term in (**) converges to 0 uni- 

formly for u E S, for all S E/3, so the same is true for q,. [See, for instance, [Ph, 

p. 14] for the (typical) case of  Fr6chet differentiability.] 

Let S E/3; by Corollary 2.3, applied to the norm poo, there exists 6 > 0 such 

that 

S (rB*, eoo, 6) C r. Opo~ (e=) + (1/2) S °, provided 0 < r < 2soo. 

(Note that 6 depends on S and s~, but not on e.) Choose 0 < e < 1/2 such that 

3esoo < ~ and sooB*(O, e) C (1/2)S °. Then if k is large enough to satisfy (****), 

we have 

~O(Vk) C (1 + e).soo.Op=(e=) + (1/2)S °. 
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Now if t E tq Vk, then from the first part of  the proof,  ¢ ( t )  is the singleton 

s~oOp~ (e~,), so that p~  [¢( t ) ]  = s~. Consequently, 

~(Vk) C (1 + e ) . ~ ( t )  + (1/2)S ° C ~( t )  + s~oB*(O, ~) + (1/2)S ° 

C ~( t )  + (1/2)S ° + (1/2)S ° C ~( t )  + S O . 

This shows that ¢ is/3-continuous at t. 

The next corollary follows from Theorem 2.5 by letting 13 be the family of  all 

finite subsets of  E and by recalling the definition of  class (S). 

2.6. COROLLARY. I f  the Banach space E admits an equivalent smooth norm, 

then it is of  class (S); that is, E* in the weak* topology is of type 8. 

DEFINITION. A set-valued map ~ : fl - ,  2 e* is said to be a convex w*-usco map 

if it is a w*-usco map and its values are convex. It is said to be a minimal convex 

w*-usco map if it is minimal (in the usual ordering) in the family of  all convex 

w*-usco maps. 

It is known (see, for instance, [Ph]) that a maximal monotone operator T, when 

restricted to the interior of  its effective domain D(T), is a minimal convex w*-usco 

map (but not necessarily a minimal usco map). 

2.7. LEMMA. Let ~ be a Hausdorff space and let ~ : f l  --, 2 e• be a w*-usco 

map. l f  ¢ is 13-continuous at to E ~, then so is the w*-usco map ~-6~ [ where, for 

t E fl, ~6 ~(t)  is the weak* closed convex hull o f~( t )] .  

PROOF. Let {x*} = ~(to) and suppose that S E/3. By continuity, there exists 

a neighborhood U of to such that ~ (U)  C x* + S °. Obviously, for any t E U, we 

have ~ ( t )  C x* + S °. Since the right-hand side is weak* closed and convex, 

c-6 ~o(t) C x *  + S °. Thus, ~ ( U )  Cx*  + S O and {x*} = ~ o ( t o ) .  That U6~o is a 

w*-usco map is shown [Ph, p. 101]. 

2.8. Tm~OR~M. The conclusion to Theorem 2.5 holds for each minimal convex 

w*-usco map ~ : fl --, 2 E*. 

PROOF. Let ~0 be a minimal w*-usco map contained in ~,. Then by the mini- 

mality of  9, we have ~-6 ~0 = ~P and the conclusion follows from Theorem 2.5 and 

Lemma 2.7. 

2.9. COROLLARY. I f  E admits an equivalent {3-smooth norm, then for any max- 

imal monotone operator T on E there exists a dense G~ subset G o lD  = int D ( T )  

such that T is f3-continuous at each point of  G. 
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When applied to the case of Fr6chet differentiability (that is, when the family 

/~ consists of all bounded sets) Corollary 2.9 is well known. It was first proved for 

(the subdifferentials of) convex functions by Ekeland and Lebourg [Ek-Leb] and 

extended to monotone operators (on Asplund spaces) by Kenderov [KeEl. 

3. Remarks 

The utility of "smoothability" (the existence of an equivalent Gateaux differen- 

tiable norm) in Theorem 1.6 raises anew the question of permanence properties for 

such spaces. It is easy to see that smoothability is inherited by subspaces and pre- 

served under finite products. It does not satisfy the "three-space property"; this was 

shown by Talagrand [Ta] when he showed that the space El = C(K), with K the 

compact Hausdorff "two arrow space", does not admit an equivalent smooth 

norm, even though it contains the separable (hence weak Asplund) subspace 

C[0, 1], while the quotent space E~/C[O, l] is isometric to c0(0, l] (which is an 

Asplund space). Theorem 1.6 provides another proof of this result: If E~ admit- 

ted an equivalent smooth norm, then it would be a weak Asplund space, but 

Coban and Kenderov [Co-Ke] have shown that the set of points of Gateaux dif- 

ferentiability of the supremum norm in E1 does not contain a dense G~ subset. It 

is an open question whether a quotient of a smoothable space is necessarily 

smoothable. As to permanence properties of weak Asplund spaces, the example 

E1 described above shows that they do not satisfy the three-space property. That 

the continuous linear image of a weak Asplund space is again a weak Asplund 

space was asserted by Asplund [As], but his proof appears to assume that a con- 

tinuous linear image of a G~ set is a G~ set. This need not be true, but the theorem 

is valid. One may use, for example, the topological Theorem 2.2 of [Co-Ke] and 

the open mapping theorem to assert that the continuous linear image of a dense 

G~ set contains a dense G~ set, and hence rescue Asplund's proof. It is also pos- 

sible to obtain this topological result as an easy consequence of the Banach-Mazur 
game, as follows. 

3.1. LEMMA. Suppose that M is a complete metric space, X a Hausdorff space 

and f :  M--, X a continuous open mapping of M onto X. I f  G = n Gn is the inter- 

section of a decreasing sequence of  dense open subsets Gn of  M, then f (  G) is re- 

sidual in X. 

PROOF. Assume that players A and B play the Banach-Mazur game in X, with 

S = f ( G ) .  We must show that B has a winning strategy. Given the first nonempty 

open subset U1 of X chosen by A, player B uses the fact that since GI is open and 
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dense there exists an open metric ball B~ = B(x~, r~) (with 0 < r~ < 1) such that 

/~ c f - l ( U l )  13 G~ and therefore chooses the nonempty open set V1 = f ( B l )  C 

U~. Player A having chosen a nonempty open subset Uz C 111, player B observes 

that sincef-~(Uz) N B~ is nonempty and open, it must intersect the dense open 

set Gz, hence there exists an open metric ball B2 = B(x2, rz) (with 0 < r2 < 1/2) 

such that/~2 ( f - l ( U 2 )  N B1 13 G2, so B chooses V2 = f(B2) C U 2. Player B's 

strategy is to continue in this manner, resulting in a sequence U~ 3 V~ D U2 D 

V2 D . . .  3 U~ 3 II, 3 . - .  of nonempty open sets such that 1I, =f(B~), where, for 

each n > 1, 

B . = B ( x . , G )  CBn_I, O < r . < l / n  and B ~ c f - ~ ( U . ) N G . .  

By using this strategy, B wins every play; indeed, the intersection of the closed balls 

/~ consists of a single point {x0} which is necessarily in G. I fy  E 13 ~ ,  then (since 

f is onto) for all n there exists z. E B~ such that y = f ( z . ) .  Clearly, x. --* x0 and 

hence z. ~ )Co, so y = f(xo) E f (G) .  Thus, fq V~ C f (G)  and hence, by Lemma 

1.3, the latter is residual in X. 

The remaining permanence properties for weak Asplund spaces remain open; for 

instance, it is not clear whether the product of a weak Asplund space with the real 

line is again a weak Asplund space. It is easily seen (using Asplund's quotient re- 

sult above) that a complemented subspace of a weak Asplund space has the same 

property (so the parenthetical remark in [Ph, p. 34] about hyperplanes is non- 

sense), but the question for arbitrary subspaces remains open. Slightly more is 

known about permanence properties of Gateaux Differentiability Spaces; see [Ph, 

Ch. 61. 
Various permanence properties of Banach spaces of class (S) are a consequence 

of good permanence properties of topological spaces of type $. It is known [Sh] 

that the class (S) is closed under taking closed subspaces and countable Ip prod- 

ucts (1 < p < oo ). Also, if E is in the class (S) and T: E ~ F is a bounded linear 

operator having dense range, then the Banach space F is in the class (S). 

A natural question about monotone operators remains open: If E is a weak 

Asplund space, is every maximal monotone operator on E generically sin- 

gle-valued? (Analogously, if E is a GDS, are such operators densely single-valued?) 

Note that it is still open whether every GDS is a weak Asplund space. 
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